The limits of validity of the linear photoelastic model are investigated in a one-dimensional dual photonic-phononic cavity, formed by alternating layers of a chalcogenide glass and a polymer homogeneous and isotropic material, which supports both optical and acoustic resonant modes localized in the same region. It is shown that the linear-response regime breaks down when either the acoustic excitation increases or the first-order acousto-optic interaction coupling element vanishes by symmetry, giving rise to the manifestation of multiphonon absorption and emission processes by a photon. Our results provide a consistent interpretation of different aspects of the underlying physics relating to nonlinear acousto-optic interactions that can occur in such cavities. 
Introduction
An acoustic wave in a material produces an internal strain field that induces periodic variations in the index of refraction through the photoelastic effect. These variations cause deflection and frequency shift of an incident light beam, effects which in the corpuscular picture can be viewed as absorption and emission processes of either a single (Bragg regime) or many (Raman-Nath regime) phonons by a photon [1] . A variety of interesting phenomena stemming from this, socalled acousto-optic (AO), interaction have lead to a plethora of diverse applications in photonic information processing, optical communication and laser technology.
From another point of view, the modulation induced by the acoustic wave is equivalent to a time-varying photonic crystal [2] which, however, can be described in the quasistatic approximation since the period of the acoustic field is much longer than that of the light wave [3] [4] [5] . Modulating appropriately designed photonic structures with bulk or surface acoustic waves provides further possibilities for tailoring the AO interaction and observing new and potentially useful effects [6] [7] [8] .
In a typical AO device, an ultrasonic wave is usually launched into the material by a piezoelectric transducer. Alternatively, in ultrafast acoustics pump-probe experiments, picosecond laser pulses are used to generate and detect very short stress pulses, which correspond to coherent acoustic phonons, by monitoring in the time domain the changes they induce in the optical reflectivity of the sample surface [9] [10] [11] [12] [13] [14] [15] . On the other hand, inelastic light scattering by thermal phonons has also been proven to be an invaluable tool for probing vibrational properties of materials through Raman or Brillouin spectroscopy [16] [17] [18] . From the above studies it became clear that enhanced effects appear if localized or slow light modes are involved in the AO interaction.
It has been anticipated that appropriately engineered structures which exhibit dual spectral gaps, i.e., gaps for both photons and phonons, so-called phoxonic band-gap materials, can lead to applications that require better control of the AO interaction and, by all means, to impressive opportunities of manipulating light with acoustic waves [19] . So far, a variety of different phoxonic band-gap designs have been proposed and analyzed, including one-dimensional multilayer structures [20] [21] [22] [23] ; two-dimensional periodic arrays of air holes in a silicon, lithium niobate, or sapphire matrix [24-27] and two-dimensional crystals with veins [28]; periodic arrays of pillars deposited on a thin plate [29] and periodic arrays of holes in a silicon slab [30, 31] ; three-dimensional crystals of metallic nanospheres in a dielectric host [32] and dielectric crystals with network topology [33] . The existence of phoxonic band gaps is the first step towards the realization of resonant cavities and slow-wave guiding structures [34] [35] [36] [37] [38] , which confine simultaneously optical and acoustic waves in the same region of space for a long time period, thus enhancing their interaction [20] [21] [22] [39] [40] [41] [42] [43] [44] [45] [46] . From a different point of view and indeed with a different perspective, the interplay between optical and acoustic waves is exploited in the emerging field of cavity optomechanics, where the radiation pressure of localized light in a cavity produces an elastic wave through mechanical deformation. In this context it has been shown that, in patterned silicon nanobeam structures, strong driven interactions are manifest between localized photons in the 1.5 μm telecommunication band and GHz-frequency phonons [47] [48] [49] . Two-dimensional optomechanical structures with dual resonant cavities have also been created and enhanced optomechanical coupling was demonstrated [50] . Most of the above studies refer to the weak-coupling limit, which is described by the linear AO interaction approximation, while some fingerprints of nonlinearity that have been observed defy a consistent interpretation. It is the purpose of the present paper to establish the limits of validity of this linear regime in a generic example of a one-dimensional phoxonic cavity and explain aspects of the underlying physics to a degree that goes beyond existing interpretation.
Theory
In the present work we shall be concerned with a stratified structure made of alternating layers of homogeneous and isotropic materials, grown along the z direction. A monochromatic compressional acoustic wave of angular frequency Ω, propagating perpendicular to the layers, induces an elastic displacement fieldẑu(z,t) =ẑℜe [u(z) exp(−iΩt)] and changes the optical response of the structure, first through the displacement of the boundaries of each layer. This translates to a variation of the thickness of the j th layer, which is characterized by a (relative) permittivity ε j and permeability μ j = 1, given by δ d j (t) = u(z j ,t) − u(z j−1 ,t), where z j , z j−1 define the unperturbed positions of the layer boundaries. As a result, there is a dynamic change of the permittivity, throughout the structure, δ ε I (z,t), which equals ε j − ε j+1
and zero otherwise. In addition to this interface contribution, the bulk AO effect induces a modulation of the permittivity due to the spatial and temporal variation of the strain field,
If, as in our case, the layers are made of isotropic materials, this is given by [1] 
where ε(z), p 12 (z) and p 11 (z) denote the relative permittivity and photoelastic coefficients of the material at point z. Therefore, the total perturbation of the permittivity of the structure that stems from the AO interaction consists of the above interface and bulk contributions δ ε(r,t) = δ ε I (z,t) + δ ε B (z,t).
In general, the electric field component of an EM wave propagating in an inhomogeneous medium characterized by a (relative) permittivity ε(r) and permeability μ = 1, subject to AO interaction described by a permittivity perturbation δ ε(r,t), satisfies the inhomogeneous differential equation
where
Equation (3) is derived from Maxwell equations if we ignore temporal variation of δ ε(r,t) compared to that of the EM field which is typically five orders of magnitude faster (quasistatic approximation). This equation can be solved using a Green's function technique. Introducing the (dyadic) Green's function through
we can write the solution of Eq. (3) in the form of a Born series 
where E 0 is the solution of the corresponding homogeneous differential equation, i.e., the EM field in the absence of AO interaction. We again note that the time derivative of δ ε has been neglected, in the spirit of the quasistatic approximation. Assuming E 0 to be a harmonic monochromatic wave of angular frequency ω, E 0 (r,t) = ℜe[E 0 (r) exp(−iωt)], δ ε(r,t) = ℜe[δ ε(r) exp(−iΩt)], and substituting into Eq. (6) the Fourier transform of the Green's dyadic, it can be shown that the electric field has the form
This form implies that the total outgoing (transmitted+reflected) EM wave consists, in general, of an infinite number of monochromatic beams with angular frequencies ω, ω ± Ω, ω ± 2Ω, ..., which are produced by elastic and inelastic photon scattering that involves absorption and/or emission of zero, one, two,... phonons. The above result can be understood as follows. Because of the relatively slow periodic variation of the optical response of the system due to the AO interaction, one can introduce timedependent amplitudes for the scattered EM field at given angular frequency ω. These amplitudes are practically constant over the short period of the EM wave and lead to a time-dependent periodic complex reflection coefficient (8) and a similar Fourier expansion for the transmission coefficient. Consequently, for a monochromatic incident EM wave of angular frequency ω, the reflected and transmitted fields consist of an infinite number of beams with angular frequencies ω + nΩ, n = 0, ±1, ±2, ..., as we deduced in Eq. (7). The corresponding reflectivity, averaged over a time period of the acoustic wave, is
which defines the elastic (Rayleigh) and inelastic reflected intensities, R n ≡ |r n | 2 , for n = 0 and n = 0, respectively. If we restrict ourselves to first order in the expansion of Eq. (6), a simple analytical treatment is possible. Since the structure under study is invariant in the x − y plane, if we consider normally incident monochromatic light of angular frequency ω, linearly polarized along the x-axis, we have E 0 (r,t) =xℜe E 0 (z) exp(−iωt) and, following Matsuda and Wright [51] , we obtain to first order Born approximation, denoted by a superscript (1), the following analytical expression for the reflection amplitude associated with the one-phonon-absorption (anti-Stokes) process
where E in is the input electric field level and n h is the refractive index of the embedding host medium. A similar expression holds for the corresponding Stokes amplitude r (1) −1 with u * instead of u. This first order Born approximation, which is referred to as linear photoelastic model, is widely used in explaining pump-probe and Brillouin light scattering experiments. 
Results and discussion
We consider a stack of alternating arsenic triselenide glass (As 2 Se 3 ) and polyethersulphone (PES) layers, which form a simultaneously optical and acoustic cavity between two Bragg mirrors, embedded in a silica (SiO 2 ) matrix. Such As 2 Se 3 /PES multilayers can be thermally co-drawn into precisely layered structures and exhibit ultra-low optical losses [52] [53] [54] . The Bragg mirrors consist of three periods, with lattice constant a, of As 2 Se 3 (a/3)/PES(2a/3) bilayers (the respective layer thickness is given in parenthesis) and the cavity in the middle is an As 2 Se 3 (a/3)/PES(a)/As 2 Se 3 (a/3) trilayer, as shown in Fig. 1(a) . The relevant material properties for As 2 Se 3 , PES, SiO 2 are determined by the index of refraction n=2.83, 1.55, and 1.44; photoelastic coefficient p 12 =0.27, 0.30, and 0.27; mass density ρ= 4.64, 1.37, and 2.20 g/cm 3 ; longitudinal sound velocity c l = 2250, 2260, and 5965 m/s, respectively [55] [56] [57] [58] . Figure 1 (b) displays the optical reflectivity spectrum of the multilayer stack under consideration without acoustic excitation, at normal incidence, calculated by the electrodynamic layermultiple-scattering method [59, 60] . The occurrence of a cavity mode is manifested as a sharp dip in the reflection spectrum at ω 0 a/c = 1.775 within the first EM Bragg gap of the periodic stack. This mode has a Q factor of about 150 and the associated field distribution is strongly localized in the cavity region as shown in Fig. 1(c) .
Corresponding calculations by the elastodynamic layer-multiple-scattering method [61] reveal the existence of acoustic cavity resonant modes in the same structure, which are also manifested as sharp dips in the reflectivity spectrum for a normally incident compressional acoustic wave, as shown in Fig. 2(a) . The lower mode at Ω 1 a/c l;SiO 2 = 1.25, within the first acoustic Bragg gap of the periodic stack, has a Q factor of about 1200 and the associated displacement field is symmetric upon reflection with respect to the center of the cavity, which implies that the corresponding strain field distribution is antisymmetric, as shown in Figs. 2(b) and 2(c) . The higher resonant mode Ω 2 a/c l;SiO 2 = 2.31 within the second acoustic Bragg gap of the periodic stack, has a Q factor of about 2200 and the associated displacement (strain) field is antisymmetric (symmetric) upon reflection with respect to the center of the cavity, as shown in Figs. 2(d) and 2(e). Of course, the Q factors of the optical and acoustic cavity modes can be made arbitrarily high by increasing the width of the Bragg mirrors, provided that dissipative losses are neglected. It is worth noting that, here, we chose to represent the EM and acoustic spectral ranges using an appropriate dimensionless frequency, ωa/c and Ωa/c l;SiO 2 , respectively, so that the results remain valid at any frequency region provided that the thickness of the layers is scaled accordingly. For example, choosing a = 440 nm, the optical resonance is tuned at a wavelength λ 0 = 1557 nm while the acoustic resonances appear at frequencies f 1 = 2.7 GHz and f 2 = 5 GHz. Though, in this case, optical absorption in the constituent materials is small, ultrasonic losses cannot be neglected and may be taken into account by assuming complex propagation velocities with an imaginary part by 2-3 orders of magnitude smaller than their real part [21] . These losses reduce the Q factor of the corresponding cavity modes but do not alter qualitatively our results; therefore, for simplicity, we shall not consider them here.
We now assume an EM wave at the optical resonance frequency, ω 0 a/c = 1.775, incident normally on the given structure under continuous excitation by a compressional acoustic wave at the resonance frequency Ω 2 a/c l;SiO 2 = 2.31, normally incident from the opposite side as shown in Fig. 1(a) . The continuous variation of the permittivity function implied by Eq. (2) is taken into account through a discretization approach by subdividing each layer into a large number of homogeneous elementary sublayers, at each time step. In all cases examined here, about 500 sublayers in the whole structure and 50 time steps within the period of the acoustic wave suffice to obtain excellent convergence. When the acoustic excitation is switched on, the optical reflectivity spectrum varies periodically in time with the period of the acoustic wave about its unperturbed position in the absence of AO interaction. Indeed, to first-order approximation,
and < R(ω,t) >= |r
Let us assume an input displacement amplitude u in = 5 × 10 −5 a, which corresponds to an input strain level of about 10 −4 , that is an order of magnitude lower than that considered in [20] . We note that, for a = 440 nm, u in = 0.022 nm, which is experimentally achievable [12] . On the other hand, inside the cavity the strain level does not exceed 2%, which can be supported by mechanically flexible polymer materials such as PES [58] . Even though the overall spectral features and the position of the optical gap do not change much as time evolves, the position of the optical cavity mode oscillates in time with the period of the acoustic wave as expected and, if the acoustic excitation is at resonance, the amplitude of this oscillation, Δω, is relatively large as shown in Figs. 3(a) and 3(b) . It is worth noting that the major contribution in our case comes from the bulk AO effect (∼ 60%), while the interface AO contribution is smaller (∼ 40%). The modulation of the optical cavity mode by the acoustic wave can be understood as follows. Assuming that the mechanical vibrations do not affect drastically the structure under consideration so that both photonic band gap and cavity mode are maintained, the induced periodic variation in the permittivity and thickness of the cavity results in a periodic oscillation of the position of the optical cavity mode in the gap with the same period. If the strain distribution, associated with the acoustic cavity mode involved is symmetric as in the present case under consideration, the corresponding photon-phonon interaction is enhanced because of the simultaneous concentration of the respective fields in the cavity region and nonvanishing by symmetry first-order coupling element. In the wave picture this strong interaction is manifested as a relatively large-amplitude oscillation of the position of the optical resonance. Correspondingly, in the corpuscular picture, one expects strong inelastic light scattering with considerable probabilities for absorption and emission of many phonons by a photon. For relatively low levels of input displacement (u in /a < 2 × 10 −5 ), the exact calculation is in good agreement with the first-order Born approximation and Δω varies linearly with u in , which is not the case for larger values of u in where the results of the first-order Born approximation yield a trend to saturation and deviate from the linear Δω versus u in behavior as shown in Fig. 3(c) . This can be understood if we bear in mind that the first-order Born approximation corresponds to single-phonon exchange processes and refers to the weak-coupling limit that requires the dwell time of a photon in the cavity to be shorter than the time necessary to absorb a second phonon or, equivalently, the coupling rate, quantified by Δω, not to exceed the optical cavity linewidth. Indeed, an increased Δω would imply stronger variations of the complex reflection coefficient at ω 0 , and thus higher-order inelastic scattering, beyond the linear regime, as we shall discuss here below.
In Fig. 4(a) we depict the calculated time variation of the optical complex reflection coefficient at the resonance frequency ω 0 a/c = 1.775 [see Fig. 1(b) ] under the action of a continuous normally incident compressional acoustic wave at the resonance frequency Ω 2 a/c l;SiO 2 = 2.31 [see Fig. 2(a) ] with a relatively low input displacement level u in /a = 2 × 10 −5 . The results of the exact treatment exhibit a smooth sinusoidal-like variation, in good agreement with the firstorder Born approximation. The corresponding Fourier spectrum is essentially dominated by the first-order contribution while all higher-order terms are negligibly small, as shown in Fig. 4(c) . However, as the input displacement level increases, strong interaction takes place. The scattering process is no longer linear on the AO coupling parameter and many terms must be taken into account in the Born-series expansion of Eq. (6). In the corpuscular picture, this implies strong probability amplitudes for multiphonon absorption and emission processes. Figure 4 (b) displays results corresponding to those shown in Fig. 4 (a) for a relatively high input displacement level u in /a = 5 × 10 −5 . In this case, we no longer obtain a simple sinusoidal-like variation and the first-order Born approximation fails to reproduce the exact time variation of the optical complex reflection coefficient. This is also reflected in the corresponding Fourier spectrum where, in addition to the first harmonics (n = ±1), there are also non-negligible second-order Stokes and anti-Stokes components as well as an elastic-scattering component. The latter is ascribed to multiphonon processes with simultaneous absorption and emission of the same number of phonons because the reflectivity at the optical resonance vanishes in the unperturbed static structure and thus the reflection coefficient that we consider is entirely modulated by the AO interaction. The linear variation of R ±1 versus u 2 in observed in Fig. 4 (c) in the first-order Born approximation, as expected on the basis of Eq. (10), can be explained as follows. In this approximation, a single phonon is absorbed (or emitted) by one photon, which describes a lin- ear regime [dashed line in Fig. 4(c) ]: The intensity of the inelastically reflected light beam is proportional to the number of the absorbed (or emitted) phonons, i.e., to the intensity of the acoustic wave that is proportional to u 2 in . On the contrary, beyond the first-order Born approximation where a given number of phonons can be exchanged in many different ways by the photons, the intensity of the first-order inelastically reflected light beam is reduced, as can be actually observed in Fig. 4(c) . It is also worth-noting that there is a small difference between the intensities of the Stokes and anti-Stokes inelastically reflected beams, R n = R −n , which is, however, not discernible in the scale of Fig. 4(c) . This difference can be understood from the fact that an acoustic resonant mode does not strictly correspond to a standing wave and, therefore, the time-reversed process requires, also, inversion of the direction of propagation of the acoustic wave. Indeed, in the absence of absorptive losses, the Stokes components of the reflectivity are identical to their anti-Stokes counterparts if we reverse the propagation direction of the acoustic wave, and vice versa. However, in the presence of dissipation, this correspondence is no longer valid because time-reversal symmetry is broken.
We now consider the acoustic excitation tuned at the lower resonance frequency Ω 1 a/c l;SiO 2 = 1.25 [see Fig. 2(a) ] where, contrary to the previous case, the corresponding displacement and strain field patterns are symmetric and antisymmetric upon reflection with respect to the cavity center, as shown in Figs. 2(b) and 2(c) , respectively. Therefore, both bulk and interface terms of the reflection amplitudes in the first-order Born approximation should vanish identically according to Eq. (10) and this holds for all odd-order contributions [62] . However, since we consider a finite structure, we have resonant modes that are excited by an externally incident wave and not true bound states. Therefore, the associated field patterns have only approximately a given parity and consequently there is a small residual first-order as well as higher odd-order contributions to the AO interaction. In this case, to leading order we have
which describes an optical reflectivity spectrum that varies periodically in time with half the period of the acoustic wave about its unperturbed position, |r Fig. 5(c) displays a characteristic quadratic increase of Δω versus u in that is consistent with the leading order of the AO coupling. Correspondingly, the Fourier spectrum of the time-dependent optical reflection coefficient at the resonance frequency ω 0 a/c = 1.775 is also dominated by the two-phonon exchange Stokes, anti-Stokes, and Rayleigh contributions as shown in Fig. 6 . Such features of the AO interaction when first-order coupling vanishes by symmetry have also been noticed by others in different phoxonic structures [14, 40, 42, 43, 45] . In this respect, our simple one-dimensional model phoxonic cavity allows us to provide a consistent interpretation of this generic behavior, enabling physical insight, which is also useful in connection with the field of cavity optomechanics. If the optomechanical coupling factor, obtained in the framework of first-order perturbation theory where only singlephonon exchange processes are involved, vanishes identically, the description of the interaction between optical and mechanical degrees of freedom needs to be properly generalized [63, 64] .
Conclusion
In summary, we reported a thorough study of different aspects relating to the occurrence of nonlinear AO effects in a one-dimensional polymer/glass multilayer phoxonic cavity, by means of rigorous full electro-elastodynamic simulations together with linear photoelastic model calculations and discussed the limits of validity of the latter. Our results provide evidence that the linear-response regime breaks down when either the pump acoustic excitation increases or the first-order AO interaction coupling element vanishes by symmetry, revealing the manifestation of multiphonon exchange effects by a photon, such as new generic features in the variation of the optical frequency shift that determines the optomechanical coupling factor as well as in the inelastic and elastic light scattering intensities. These effects stem from higher-order multiplescattering contributions and not from intrinsic nonlinearities of the constituent materials, which can be relatively weak. Phoxonic architectures, such as those studied in the present work, provide an efficient and versatile platform for tailoring the AO interaction and controling photons with phonons. The strong optomechanical coupling that can be achieved in phoxonic cavities makes them suitable for a variety of applications, including stimulated phonon emission through cavity parametric instability [14] .
